éTesting the Difference Between Means Proportions

How to perform a z-test for the difference between two population proportions p; and p,

null and alternative hypotheses

Hypy = p;

Hgpy < py

Hy: py = p;

H: =
) 0- P1 P2 axiid
Hg: py # p»

Hyipr > py

Regardless of which hypotheses you use, you always assume there is no difference
between the population proportions, or p; = pa.

For instance, suppose you want to determine whether the proportion of
female college students who earn a bachelor’s degree in four years is different
from the proportion of male college students who earn a bachelor’s degree in
four years. The following conditions are necessary to use a z-test to test such a
difference.

1. The samples must be randomly selected.
. The samples must be independent.

2
3. The samples must be large enough to use a normal sampling distribution.

That is, ny p; = 5,n1q; = 5,n,p; = 5, and ny g = 5.

The standardized test statistic

(Pr—P2) — (P1— P2)

The standard error
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ny np

Tp-p, =

The weighted estimate
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THE TWO-SAMPLE t-TEST FOR THE DIFFERENCE BETWEEN PROPORTIONS

If the sampling distribution for p; — p, is normal, you can use a two-sample
z-test to test the difference between two population proportions p; and p,.

TWO-SAMPLE z-TEST FOR THE DIFFERENCE STUDY TIP
BETWEEN PROPORTIONS ‘_rhefo]lovwingsymbolsareused
A two-sample z-test is used to test the difference between two population ;r:::(emzs-tfszt :ﬁ:,psfs_tfi;fﬁ,f,,

proportions p; and p, when a sample is randomly selected from each the binomial distribution.

population. The test statistic is p; — p,, and the standardized test statistic is
Symbol  Description

_ (pl - p2) - (pl B p2) P1, P2 Population

1 1 proportions
ﬁﬁ(_ R _) Xy, X3 Number of

n n successes in
each sample

where

ny, ny Size of each
X+ x sample

— 1 z = -
p=—— and g=1-p. PP | Sample

ny + np proportions

of successes

Weighted
estimate for

p1 and pp

Note: nip, niq, nap. and nyg must be at least 5.

|

If the null hypothesis states p; = p,, py = py, or p; = p,, then py = py is
assumed and the expression p; — p; is equal to 0 in the preceding test.




THE TWO-SAMPLE t-TEST FOR THE DIFFERENCE BETWEEN PROPORTIONS

A hypothesis test for the difference between proportions can also be
performed using P-values. Use the guidelines listed above, skipping Steps 3 and 4.
After finding the standardized test statistic, use the Standard Normal Table to
calculate the P-value. Then make a decision to reject or fail to reject the null
hypothesis. If P is less than or equal to «, reject Hj,. Otherwise, fail to reject H,.

Using a Two-Sample z-Test for the Difference Between Proportions

IN WORDS

1. State the claim mathematically
and verbally. Identify the null
and alternative hypotheses.

2. Specify the level of significance.

3. Determine the critical value(s).

4. Determine the rejection region(s).

5. Find the weighted estimate of
p1and p». Verify that nyp, mg,

nyp, and nq are at least 5.

6. Find the standardized test statistic

and sketch the sampling distribution.

7. Make a decision to reject or fail to
reject the null hypothesis.

8. Interpret the decision in the context
of the original claim.

IN SYMBOLS
State Hy and H,.

Identify a.
Use Table 4 in Appendix B.

X + X

p=n1+n2

_(Br—p) (P~ P2)

D
Pq n | mp
If z is in the rejection region,

reject Hy. Otherwise, fail to
reject Hy.




éTesting the Difference Between Means Proportions
A Two-Sample z-Test for the Difference Between Proportions

A study of 150 randomly selected occupants in passenger cars and 200 SamP';S;?'Iisﬁfs for
. . N chnicles
randomly selected occupants in pickup trucks shows that 86% of occupants in
passenger cars and 74% of occupants in pickup trucks wear seat belts. At sl Ml
a = 0.10, can you reject the claim that the proportion of occupants who wear S e
seat belts i1s the same for passenger cars and pickup trucks? (Adapted from ol ?;;6 ol 10‘;4
— . . " . i : i Xy = X3 =
National Highway Traffic Safety Administration)
» Solution . i _— .
‘The claim is “the proportion of occupants who wear seat belts is the same for The gral?h at the ng_m_ShOWS the lotz}hpn of Ih“_: re'jecuon _regmn and the
passenger cars and pickup trucks.” So, the null and alternative hypotheses are standardized test statistic +. Because ¢ is in the rejection region, you should
Hypj=ip; (Caim) and Hypism: decide to reject the null hypothesis.
Because the test is two-tailed and the level of significance is a = 0.10, Interpretation  There is enough evidence at the 10% level of Sig“iﬁcance to
the critical values are —z; = —1.645 and z; = 1.645. The rejection regions

support the shoe manufacturer’s claim that athletes can increase their vertical

are z < —1.645 and z > 1.645. The weighted estimate of p; and p; is ]ump heighls using the new Slrength Shoes®.

mtm 129+ 148 M

P= m +ny 150 + 200 350 0.7914 The standardized test statistic is
: Because nyp = 150(0.7914), nyg = 150(02086), nyp = 200(0.7914), and = iy
and nyg = 200(0.2086) are at least 5, you can use a two-sample z-test. The = Use the (-test.

G=1-F~1— 07914 = 02086 standardized test statistic is sq/Vn

zz(ﬁl*ﬁz)*ff’j*?ﬂ= (0.86 — 0.74) — 0 2T —175 -0

\/ 11 \/079 P Yy - &~ ——————  Assume py = 0.

$l n?’ni) @7914(02 )(ﬁ*zm) 21213/ V8

The graph at the left shows the location of the rejection regions and the ~ —2.333.

standardized test statistic. Because z is in the rejection region, you should
decide to reject the null hypothesis.

Interpretation There is enough evidence at the 10% level of significance to

reject the claim that the proportion of occupants who wear seat belts is the
same for passenger cars and pickup trucks.




éTesting the Difference Between Means Proportions

» Try It Yourself 1

Consider the results of the NYTS study discussed in the Chapter Opener. At
a = 0.05, can you support the claim that there is a difference between the
proportion of male high school students who smoke cigarettes and the
proportion of female high school students who smoke cigarettes?

Identify the claim and state Hy and H,.

Identify the level of significance a.

Find the critical values and identify the rejection regions.
Find p and §.

Verify that nyp, n,q, n,p, and n,q are at least 5.

Find the standardized test statistic z. Sketch a graph.
Decide whether to reject the null hypothesis.

. Interpret the decision in the context of the original claim.

B AR T
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A Two-Sample z-Test for the Difference Between Proportions

A medical research team conducted a study to test the effect of a
cholesterol-reducing medication. At the end of the study, the researchers found
that of the 4700 randomly selected subjects who took the medication, 301 died
of heart disease. Of the 4300 randomly selected subjects who took a placebo,
0.01, can you support the claim that the death
rate due to heart disease is lower for those who took the medication than for
those who took the placebo? (Adapted from The New England Journal of Medicine)

357 died of heart disease. At a =

» Solution

The claim is “the death rate due to heart disease is lower for those who
took the medication than for those who took the placebo.” So, the null and
alternative hypotheses are

Hypr=p and Hg py < py. (Claim)

Because the test is left-tailed and the level of significance is a = 0.01, the
critical value is zg5 = —2.33. The rejection region is z < —2.33. The weighted
estimate of p; and p, is

_ xmtXx 301 +357 658
P = T m 4700 + 4300 ~ 9000 = 00731
and
G=1-7~1-00731 = 0.9269.

Sample Statistics for
Cholesterol-Reducing
Medication

Received Received
medication placebo
ny = 4700 ny = 4300
x = 301 x3 = 357
p1 = 0.064 P2 = 0.083

Because n,p = 4700(0.0731), nyg = 4700(0.9269), n, 7 = 4300(0.0731), and
nyq = 4300(0.9269) are at least 5, you can use a two-sample z-test.

(B - () (0.064 — 0.083) — 0

\/ {— ¥ —) \/ 0.0731)( 09269)(47]00 43]00)

The graph at the left shows the location of the rejection region and the
standardized test statistic. Because z is in the rejection region, you should
decide to reject the null hypothesis.

~ —3.46

Interpretation  There is enough evidence at the 1% level of significance to
support the claim that the death rate due to heart disease is lower for those
who took the medication than for those who took the placebo.
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Try It Yourself 2

Consider the results of the NYTS study discussed in the Chapter Opener. At
a = 0.05, can you support the claim that the proportion of male high school
students who smoke cigars is greater than the proportion of female high school
students who smoke cigars?

Identify the claim and state H, and H,,.

Identify the level of significance «.

Find the critical value and identify the rejection region.
Find p and q.

Verify that n,p, n;q, n,p, and n,q are at least 5.

Find the standardized test statistic z. Sketch a graph.
Decide whether to reject the null hypothesis.

. Interpret the decision in the context of the original claim.

e Mo AR B
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How to perform a z-test for the difference between two population proportions p; and p, #1 -16

null and alternative hypotheses

The standardized test statistic\
(P1—P2) — (P1— P)

Vﬁ(n_l ) 7)/

Hy py = p
Hipr < p

Hy py = ps Hy: py = py
Hepir#py \Hap1 > P2

., and

Regardless of which hypotheses you use, you always assume there is no difference

between the population proportions, or p; = p. The standard error
For instance, suppose you want to determine whether the proportion of

female college students who earn a bachelor’s degree in four years is different

from the proportion of male college students who earn a bachelor’s degree in Tp-p, = 1 Hp;—';h + pi—:h

four years. The following conditions are necessary to use a z-test to test such a
difference.

1. The samples must be randomly selected.

2. The samples must be independent. The weighted estimate
3. The samples must be large enough to use a normal sampling distribution. _ ox1+x
That iS, mp= 5. nydq = 5.n3p2 = 5. and ng = L P = e

n1+n2




